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Statistical Mechanics of Foams and Cellular Patterns

Liquid foams, granular materials, biological systems, glassy materials are common examples of
out-of-equilibrium systems from the point of view of statistical mechanics: either these systems possess a
large number of metastable states in which they are trapped at usual scale of temperature (e.g. : foam or
granular material at rest, glassy systems) ; or a flux of energy is continuously injected from non-thermal
sources and is lost through internal friction, allowing them to explore their 
phase space (e.g.: sheared or tapped granular systems, biological cells).
As these systems involve many individual objects (bubbles, grains, cells, or atoms), there is a strong
motivation to treat them with thermodynamic methods. Particular attention was paid on vibrated granular
systems made of hard-core particles. In contrast, shuffled foams have been poorly studied. 
Yet, such systems present two advantages over hard-core granular materials: first, because of the perfect
space-filling  property  of  a  foam (i.e. without  gaps  nor  overlaps),  and  the  high  deformability  of  its
constituents (bubbles), its metastable states are described by a set of very established rules. For that
reason,  foams are  very  good candidates  of  out-of-equilibrium model  systems.  Then,  because  of  the
resemblance of many epithelial tissues with two-dimensional foams, the mechanisms which drive the
properties  of  foams could be extended to biological  tissues.  Note that  for  the latter,  shuffling arises
naturally from cell activity.

Recently, we developed a new approach to describe the geometric properties of a two-dimensional
shuffled foam, using the tools and formalism of standard statistical mechanics: in their motion, bubbles
exchange some geometrical and topological quantities that obey to identified local conservation laws, in a
similar way to the atoms of usual thermal systems. In a mean field approach, the model succeeded to
reproduce, without any adjusting parameter, the correlation between geometry (distribution of bubble
size) and topology (distribution of number of sides). 
This formalism also introduces an effective temperature of a shuffled foam, which turns out to be a direct
measure of its bubble size dispersity. Hence, the condition for “thermodynamic equilibrium” is clear:
foam must reach an homogeneous size dispersity. Besides, the model also predicts a topological order-
disorder transition: below a critical bubble size contrast, foam crystallizes, i.e. all the bubbles are 6-sided.

The aim of this work is to further extend the analogy with the statistical description of thermal
systems. Numerically (using Cellular Potts Model), we can study the conditions of equilibrium between
to shuffled foams in contact. The model predicts that the equilibrium effective temperature can be higher
than the temperature in the two independent subsystems, what is quite unique when compared to classic
thermal systems. We can also compare the effects of mechanical and thermal shuffling (this can be done
numerically only). Finally, we can also characterize the order-disorder transition predicted by the model. 
Analytically, we can extend the model in different aspects: refinement of the mean field approximation
by  including  correlations  between  first  neighbours,  extension  to  biological  tissues,  by  adapting  the
surface energy and taking into account cellular division and apoptosis,...
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